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Extracting knowledge-based energy functions from protein structures
by error rate minimization: Comparison of methods using lattice model
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We describe a general framework for extracting knowledge-based energy function from a set of
native protein structures. In this scheme, the energy function is optimal when there is least chance
that a random structure has a lower energy than the corresponding native structure. We first show
that subject to certain approximations, most current database-derived energy functions fall within
this framework, including mean-field potentials,score optimization, and constraint satisfaction
methods. We then propose a simple method for energy function parametrization derived from our
analysis. We go on to compare our method to other methods using a simple lattice model in the
context of three different energy function scenarios. We show that our method, which is based on
the most stringent criteria, performs best in all cases. The power and limitations of each method for
deriving knowledge-based energy function is examined.2@O0 American Institute of Physics.
[S0021-960600)51844-3

I. INTRODUCTION (b) Itis not clear why energy function parameters derived
from Boltzmann statistics should give the best perfor-
mance in threading tests aad) initio prediction. Even
though supported by the Random Energy Mddel,
Boltzmann statistics has been shown to introduce sys-
tematic errors in recovering energy function
parameters!

Energy functions empirically extracted from a database
of known native protein three-dimensional structures are re-
ferred to as “knowledge-based.” Due to the rapid increase in
the number of known protein structures and the limited suc-
cess of physical potentials to discriminate native structure
from misfolded structures(also known as decoys

knowledge-based energy functions have been widely used in The second category involves methods based on direct

IOIri r?gggcq!g?}n&ﬂ;%mgi;::gst 22?%33}]232 [;222 s';rouc(;se doptimization of some measurement of the performance of the
ure preaiction. yd v Prop energy function. Very different optimization schemes have

for extracting knowledge-based energy function based on

very different principles. They can be roughly grouped intobeen proposed: maX|m|zm'gf/_T_g, the ratio of the_ fqldmg
. temperature to the glass transition temperattireaximizing
three categories.

The first category involves methods based on statisticatlhe tz:]ve]rcage probab|l|;ythof sugcess{;{ll ptredk;ﬂémnlr;l?pllz-
mechanics or Bayesian statistics. First proposed by Tanakgd (€ ITe€ energy ot In€ native stateetc. any ot these

and Scheradaand later refined by Miyazawa and Jernigjan methods reduce to the optimization of thescore, the en-
and SippP* these methods, based on statistical mechanic€Y difference between average decoy structure and native
all rely on Boltzmann statistics: structure in units of standard deviati&h'>1°

The third category, proposed by Cripp€ni8involves
i constraint satisfaction. A library of incorrect structures is ex-
&=—kTlIn INIGE (1) plicitly constructed and energy function parameters are tuned
to satisfy all the inequalities that ensure the native structure
has lower energy than any of the incorrect decoy structures.
A priori, it would appear that energy parameters derived
from less well-justified Boltzmann statistics should perform
gignificantly worse in threading arab initio tests relative to
parameters derived from more sound optimization and con-
$raint satisfaction methods. Surprisingly, the performances
are quite similar to each other. It is intriguing that methods
based on very different formalisms generate energy param-
eters with similar performances.
(@ The physical nature of the reference state is obscure, In this work we show that all three categories of methods
making it difficult to choose a reference state properly.can indeed be derived as approximations in a unified theo-
retical framework of minimizing the error rate, i.e., the prob-
dAuthor to whom correspondence should be addressed; electronic maiﬁb“ity that a random structure has a lower energy than the
yuxia@csh.stanford.edu corresponding native structure. We describe a simple imple-

whereeg; is the energy parameter fgth-type interactionN?
is the total number ofth-type interactions observed in the
database of native structures, emﬁf is the total number of
jth-type interactions expected in the reference state. Existin
methods differ mainly in their choices of reference stétes.
An alternative approach based on Bayesian statistics using
simple log—odds score also yields the same formafigm.

In spite of its simplicity and widespread use, several
problems are associated with this approach.
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mentation of error rate minimization, and compare our  When the number of decoyd, is small enough that a
method with two other popular method&;score optimiza- solutione exists to satisfy all the inequalities in E@), this
tion and mean-field approximation using a simple latticeapproach reduces to the constraint satisfaction method.
model in the context of three different energy function sce-However, since the energy function formulation in E@.

narios. and (4) is only an approximation to the true potential, the
inequalities in Eq(2) may not be all satisfied whe¥ is very

II. A UNIFIED FRAMEWORK FOR KNOWLEDGE- large, at Ie_astgin the case of the popular resid_ue-r_esidue con-

BASED ENERGY FUNCTION tact potential® In order to get the best approximation to the

. . -~ _ true potential, we can simply minimize the error rate, i.e., the
~ Inthis section we present a unified framework for deriv-ppercentage of inequalities in E¢®) that are not satisfied. In
ing knowledge-based energy functions. First we consider thghis way, we define energy function parametrization as the

problem of extracting the energy function from a single na-gptimization of the following error rate functiomR(e):
tive structure, and show that all three above-mentioned ap-

proaches can be obtained from the same assumption under R(e)=(6(E"-E;));, )
different approximations. Then we extend the result to in-

clude multiple native structures. Some details of the deriva/’here?(x), the Heaviside step function, is 1 whers posi-
tion are presented in the Appendix tive, and 0 wherx is negative(---); denotes averaging over

subscripti.
A. Problem specification for a single protein Inturi)tively, R(e) is the probability that a randomly se-
Given a protein with known native structure and a li- Igcted decoy in the decoy set has lower energy than the na-
brary of random and uniformly sampled decoy structures, wdive structure. A value of 0 means that the native structure
start from the assumption that the native structure has thBas the lowest energy compared with decoy structures; a

lowest energy compared with any other structure: value of 1 means it has the highest energy. Therefore, energy
N ) parameters that minimizZe(e) should give the best discrimi-
E'<Ej, foralli=1,...M, (2)  nating performance. Let us denote the optimal energy param-

whereE" is the energy of native structurg, is the energy of ~ eter set a=’. In what follows we derive an approximate
the ith decoy, andM is the number of decoys. This is a analytical solution fore® and augment it with a geometrical
natural assumption in that the main use of the energy funcnterpretation.

tions we are seeking is to distinguish the native state from

the decoys. We decompose the energy into individual inter-

action components in the following way: B. General solution and geometrical interpretation
N
: We first explore the geometrical meaning of tRée)
Ei_lzl cijej=c-e foralli=1,...M, 3 function. Equation5) can be rewritten as

whereN is the number of interaction types;; is the number
of occurrences of théh interaction type in théth decoy, R(e)= J (C_Cn)_e<0pc(c) de, ©)
ande; is the interaction energy for theh interaction type. In
this formulation, the energy is assumed to be linear withwherep¢(c) is the joint probability density function of the
respect to the interaction counts. Many existing energy funcrandom interaction count vectar We see thaR(e) is a
tions can be defined in this way, including contact potentialspartial integral of p,(c) with a boundary of an
distance-dependent potentials, and many-body interactionsN— 1-dimensional hyperplane that goes through the pdint
The energy for the native structure is also a linear func-The normal to the hyperplane that minimizes the integral
tion of native interaction counts: determines the optimal energy paramefefsee Fig. 1 Un-
N der certain approximations, a simple analytical solution can
En:jzl c]-” e=ce 4) be derived for the optimal energy paramed&r

. | . €= Vp,(c). W)
E is usually interpreted as the solvent-averaged effective po-

tential energy of the protein. It is well justified to decomposeDetails of the derivation are presented in the Apperi8iec.
potential energy into individual interactions; however, Eq.1). The geometrical interpretation of this solution is intuitive
(2) becomes aminimal requirement for a perfect energy in thate® is perpendicular to the contour of interaction count
function, because the native state must not only be the globalistribution through point”. It is clear from this equation
minimum in the potential energy surface, it must also be ghat the optimal energy parametessdepend on the decoy
pronouncedminimum, with significantly lower energy than interaction count distributionp.(c), especially near the in-
any other state. Here our hope is that with a large number diraction count vector for the native structw® Further-
known protein structures, even a minimal requirement suclmore, by assuming thai,(c) follows an independent normal
as Eq.(2) is restrictive enough to recover the “true” poten- distribution or an independent Poisson distribution, the
tial energy parameters with precision. In the next section wabove solution leads td-score optimization and mean-field
will discuss when this hypothesis breaks down and how thistatistics, respectively. Details of the derivation are presented
can be possibly remedied. in the Appendix(Secs. 2 and )3and illustrated in Fig. 2.
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A and(---); « denotes averaging over subscriptand k (de-
coys and proteins We can rewrite this equation in terms of
interaction counts:

R(€)=(6((ck—Cki) - €))i k- 9

This equation can also be interpreted geometrically. Let us
define the relative interaction couqyt as

Ca

Crij=Ckij—Cy; forall j=1,...N, (10)

where for each interaction typecy;; is the interaction count
in theith decoy of thekth protein, an(i:ﬂj is the interaction
count in the native structure of thh protein. We then have

) Error
A5 Region

R(e)=J per(c’) dc’, (1D
FIG. 1. Geometrical interpretation of the energy function. This is a 2D c'-e<0
representation of the high-dimensional space of interaction counts. Eacljhere p.(c') is the joint probability density function of

point in the space represents structures with particular interaction counts, . - . . )
Concentric ellipsoids represent the contour map of the interaction counielamve interaction count for randomly chosen protein se

distribution.c; is the count for théth interaction type. Point” is the native ~ dU€Nce and decoy. We see tii{E) is a partial integral of
structure. Energy function parameters are represented by a eestas the  p./(c’) with a boundary ofN—1-dimensional hyperplane

hyperplane that goes througfi with e as its normal vector. The region that goes through the origin. The normal to the hyperplane

above the hyperpland is called “Correct Region” because pointstruc- A . . .
tureg within this region have higher energy than the native structure. Thethat minimizes the integral determines the optimal energy

region below.4, shown shaded, is called “Error Region” because points parametee’.
(structurey within this region have lower energy than the native structure. Similar to the single protein case, under different ap-

A’ corresponds to a hyperplane defining an alternative set of energy paranroximations on the decoy interaction count distribution

eters. p.(c’), the above optimization problem leads to both
Z-score optimization and mean-field statistics. Details of the
derivation are presented in the Appendsec. 4.

C. Extension to multiple proteins

_ The above discussion can be extended to multiple proy, pepi/iNG ENERGY PARAMETERS FROM PROTEIN
teins, where the native structures for many sequences afg, pg
assumed to be known. The optimal energy function param-

eter €° should minimize the average prediction error rate  In the previous section, we derived general principles for

function R(e): knowledge-based energy function extraction. In this section,
B n_ we describe a simple implementation of our error rate mini-
R(€)=(0(Ex—Exi))ik ®)  mization. We also describe our implementation of two other

where E} is the energy for the native structure of tkh  popular methodsZ-score optimization and mean-field ap-
protein,E,; is the energy for théth decoy of thekth protein,  proach.

A. Method |: Minimize the error rate function

Our goal is to minimize the error rate functi®t(e), the
probability that a random decoy of a randomly picked pro-
tein has a lower energy than the corresponding native struc-
ture, without any assumption on the interaction count distri-
bution. Our procedure is a variation of the perceptron
learning algorithm known as the pocket algoritAtiwe start
with a set of normalized random energy parametevsith
zero mean and iteratively update thésmce adding or mul-
tiplying a constant to all energy parametegs does not
change the value dR(e) in our lattice study, we can nor-
malize all energy parameters to have zero mean and unit
norm|. At each step we randomly choose a protein sequence
from the training set and its corresponding native structure,
c", as well as a random alternative structuteWe update
FIG. 2. Comparison betwee) the normal distribution an¢B) the Pois-  the energy parameters in the following way:

son distribution. Each point is shaded according to the density of the inter- ew_ n n
action count distributionc” is the native structure, and hyperpladecor- =e+N(c—c)O(E"-E), (12)

responds to the optimal energy parameters. Even though the two cases Sh%ﬁeree(x) is the Heaviside step function Namely we keep
the same native structure and the same average interaction counts, the op ) !

1- .
mal energy parameters, indicated by the hyperpldnare different due to t"‘e old energy parameters When'the energy for the native
the different interaction count distributions. structure is lower than the alternative structure, and only up-
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date the energy parameters when this constraint is violatedvhere vectora, and covariance matriB, are defined in
The update to the energy parameters is chosen in such a wégrms of relative interaction countg;; from Eq. (10):
as to correct this violation. The degree of correction is con

trolled by a tunable parameter, which linearly decreases i=(c k'l>' for all k=1,...P, j=1....N, (17)
from A, to 0 as optimization proceeds, is set to 0.1 in our —(clicl ) forall k=1,...P, j,i'=1,...N.
study). The new energy parameters are again normalized and kij=kij /1 Y ' (,18)

the procedure continues.
We retain energy parameters that have survived unwe further adopt the aSSUmption of Mirny and Shakhnovich
changed for the longest number of steps during the optimithat the covariance matrig, only depends on protein size.
zation run(the pocket algorithm It can be shown that, for a In our lattice model study, all lattice proteins have the same
sufficiently long training time, this gives, with probability Size. As aresult, we can replace allandBy by their aver-
arbitrarily close to unity, the set of energy parameters whiclegea andB, and rewriteZ as
produces the smallest possible number of
misclassification$’ _
This is the optimization procedure that we use when \/2 12 '_,eB ”,ej
there is no large energy gap between the native structures
and the alternative structurésee energy function scenarios | We evaluatea and B by explicitly constructing alternative
and Il described in the next sectjoiHowever, for the fold- ~ structures for all lattice proteins.
ing potential(energy function scenario Ill described in the ~ To obtain optimal energy parametesSone would nor-
next sectiol, the energy gap between the native structuremally perform numerical optimization on the above equa-
and alternative structures is large enough that the simple cofion. There is, however, an analytical solution that optimizes
straint that the native structure has lower energy than alteZ. We first rewrite the above equation in matrix form,
native structures is no longer sufficiently restrictive. As we

N —
2i-q1a)€

19

—
: : ; T —  ea

will see in the results section, the above optimization is un-  7_ ’ (20)

stable and the results depend strongly on the initial condi- eBe’

tions. To solve this problem we apply a more restrictive con-

straint, wherea ande are row vectors, and' is the transpose @ B

is a real symmetric covariance matrix, and is therefore diag-

onalizable with

where s, a tunable nonnegative number, represent the energy B=\VDVT 21)

gap between the native structures and all other alternative N '

structures. Since all energy parametesse normalizeddis  whereD is a diagonal matrix that contains all the eigenval-

a unitless constant. A large energy gamorresponds to a ues 0=D;<D,,<---<Dyy, andV is an orthogonal ma-

pronounced folding funnel as well as fast folding kinefits. trix that satisfiesvVT=VTV=1, wherel is the unitary ma-

We minimize the error rate for the above constraints usingrix. All the eigenvalues are nonnegative since the average

the same learning procedure as above, with a new updatingbvariance matrixB is positive semidefinite. In our lattice

rule, model study, all the alternative lattice structures have the
V=gt )\ (c— "~ 5€) O(E"+ 6—E). (14) same total.number of contacts as the native structure. As a

result, adding a constant energy term to each of the contact

Again the new energy parameters are normalized. We Sho\é’nergy parameters will not change the valu€oB is there-

Note that ead=e(VVT)a', and eBe'=¢(VDV')e'

B. Method II: Optimize the average  Z-score =(eV)D(eV)'. If we combine the variables in the following

_ _ ) ways:a' =aV, ande’ =eV, we can rewriteZ as follows:
We define the averagéscore as the arithmetic average

E>E"+ 6, (13

over different proteins of the individu&-scores for the cor- 7 ea’ (22
responding native structures, - W'
1P (Ewi—E] : - o o
S = 2 ki/i — Ek (15) SinceD is a diagonal matrix, this equation is similar to Eq.
P k= ‘/<Eii>i_<Eki>i2’ (A9) in the Appendix(Section 2 and has the following so-

) . ) lution €'° that optimize<Z:
where for proteirk, Ey is the energy for the native structure,

E,; is the energy for théth decoy, and---); denotes aver-
aging over subscrifit Mirny and Shakhnovich pointed ddt
that the above definition can be rewritten in the following

aj
k—, for all j=2,... N, (23
Djj

wherek is an arbitrary positive constarg;° is an arbitrary

way:
y number sincd,, is 0, and we se¢;° to be 0. This is equiva-
— EJN: 18 €, lent to setting the average of all the energy paramedgte
Z= , (18 peo.

1
=R _ _ _
1 \/21 1E '=18Bxjj € Finally we obtain the optimal energy parameters,
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e=e' VT, (24)  proteins. We compare the performance of each method by

F e ith diff tsi thi \ution i | evaluating how accurately the extracted potential can recover
or proteins with different sizes, this solution is no ongergrIe reference potential.

exatlz_t Elljt Si'" ?erves .af fa g;)o;jhﬂrst-order a;l)prot>_<|n_1at|t(_)n an In our study, we generate 20 000 protein sequences and
a refiable starting point for furtheér numerical opimization. ., o corresponding native structures as the training set.

Knowledge-based energy function parameters are extracted

C. Method Ill. Derive mean-field, Bayesian statistics from this set. We then generate another 5000 protein se-
In the mean-field/Bayesian approach, the energy paranfiuences and their corresponding native structures using dif-
eterse® is estimated in the following way: ferent starting random seeds as the test set to evaluate the
b statistical reliability of the extracted energy parameters.
o Zg—1Ckj
Z=1{Cxij)i B. Three different energy function scenarios

In this formulation the reference state is defined explicitly by How do we generate proper protein sequences and their
sampling alternative lattice structures. Sometimes the Nucorresponding native structures for the reference potential?
merator is O due to insufficient sequence sampling. In thisthis question is closely related to how accurate the energy

case the numerator is set to be 1/2. function formulation mimics the true physical potential for-
mulation. Since we do not know the exact forces that are
IV. A TEST CASE responsible for protein folding, energy function formulations

In this section, we describe a simple lattice model forW|th different accuracy have been used traditionally. This

protein structures. We identify three scenarios based on th‘é’III affect the accuracy of the gxtracted knov_vIedge—bqsed
energy parameters. We would like to take this factor into

accuracy of the energy function formulation, and for each

descrbe how v genrat a Gelabase o nave rten s§20°KTSL 1 ourtice mocel . e dentt twee
guences, native structures, and alternative structwles y ay

coys. This database of model proteins is then used to evalut—'on' . . o
In scenario |, the energy function formulation is a rough

ate the performance of the three methods for deriving energprroximation 10 the true potential. The reference energy

parameters. . ;
parameters assign a low energy to the native structure, but
A. Sets of lattice folds for training and testing not necessarily the lowest. This energy function is useful as a

We use a simple 86 two-dimensional square lattice purification potential for protein structure prediction meth-

model to construct test proteins. Protein conformations ar@dS- It i capable of selecting a small subset from a large

represented by self-avoiding compact walks that occupy affnsemble of alternative structures with higher concentration

lattice vertices. There are a total of 57 337 such conforma®f Near-native structures. Residue—residue contact potential

tions that are not symmetry related. Each lattice vertex rep'-S an examplg of such formulation f9r real protellns. _
resents a protein residue and is labeled by one of the 20 In scenario Il, the energy function formulation mimics
amino acids. As a result, all our model proteins are 36 resithe true potential more accurately. The native structure is at

dues in size. We set the energy function formulation to be 4n€ global energy minimum using the reference energy pa-

pairwise residue—residue contact energy function: the totd@Meters. This energy function is an example of a perfect

energy of a conformation is calculated as the product of eng|scr|m|natory potential for protein structure prediction

ergy parameter for each residue—residue contact type and tI%ethods. It is capable of discriminating the native structure

number of occurrences for that contact type in the giver{rom all other alternative structures.

conformation, summed over all contact types: In scenario lll, the energy funct.|on formulatlgn is the
closest to the true potential. The native structure is jitoa

N nouncedglobal energy minimum using the reference energy

E:J.Zl €iCj - (26) parameters. This energy function is a folding potential and
should be able to fold proteins in dynamics simulations.

Two residues are said to be in contact(iif they are non- These three scenarios are summarized in Fig. 3. In what

bonded, andii) they occupy adjacent vertices in the lattice. follows we show how we simulate these three scenarios by

The total number of energy parametexsthat need to be  ¢hoosing proper model protein sequences and structures.
determined is 210(the number of unique residue pairs ALA—

ALA, ALA-CYS, etc). 1. Scenario I: Purification potential

To test how effective different methods extract  We first generate random protein sequences. For each
knowledge-based potentials, we first choose a set of arbitranyrotein sequence, we enumerate all possible conformations
energy parameteis as the reference potential. In this work and define their true energi€&s in the following way:
we choose the mean-field residue—residue contact energy _, 2
function derived from real proteins by Hinds and Lefitas =E+N(0%), 27
the reference potential. We construct a database of proteiwhereE is the energy as computed in Eg6), N(0,0?) is an
sequences and the corresponding native structures accordiagditional Gaussian noise term with zero mean and standard
to the reference potential, then use different methods to exdeviation o to reflect the approximate nature of the energy
tract knowledge-based potentials from this database of modé&linction formulation. In our study is set to 0.1. The struc-
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quence as the designed sequence for the native structure. We
ensure that the target structure does have the lowest energy
for the designed sequence. Again, all sequences with degen-
erate native structures are discarded.

C. Decoys for recovering energy parameters

Decoys, either realistic or artificial, are needed to re-
cover energy function parameters from a set of native protein
structures. In this study we generally use realistic decoys, but
also consider the effect of using artificial decoys constructed
by shuffling the native protein sequence or contacts.

1. Realistic decoys on a lattice
5 4

Realistic decoys are alternative structures with the cor-
rect topological constraints. In our lattice model, there are a
FIG. 3. Three scenarios based on the accuracy of energy function formuldotal of 57 336 such decoys excluding the native structure.
tion. Top three plots show the two-dimensional projection of the 210-Random subsets of these decoy conformations for each pro-

dimensional contact count vector. D@®) represent alternative conforma- .
tions for a protein, and circle€D) represent the native structure. Dotted tein are used to recover the energy parameters by the three

lines represent the reference energy parameters. Bottom three plots show tAéethods.

low energy tails of the energy spectra evaluated using the reference energy

parameters. The native structure is indicated by the arrow. In scenario I, the

potential is a purification potential, i.e., the energy of the native structure is2. Shuffling sequence

among the lowest of all possible structures as judged by the reference en- .

ergy parameters. In scenario Il, the potential is a perfect discriminatory ~ FOr sequence shuffling, we generate random sequences

potential, i.e., the energy of the native structure is at the global minimum. Inwith the same amino acid composition as in the native se-

scenario lll, the potential is a folding potential and the energy of the nativequence, and thread them onto the native structure. These de-

structure is much lower than all alternative structures. coys do not have the same sequential chain connectivity as in
the native protein and therefore are artificial.

ture with the lowest energ’ is chosen to be the native
structure; this structure will not have the lowest energy withs  spuffiing contacts
the true energyk.

Scenario | Scenario Il Scenario Il

For contact shuffling, we generate random contact maps
as decoys with the same chain connectivity and the same
total number of contacts as in the native structure. The de-

We generate random protein sequences. For each protegoys generated are artificial and usually do not correspond to
sequence, we enumerate all possible conformations and corany physical lattice structures.
pute their energies as defined in E26). We then choose the
conformation with the lowest energy to be the native confor- ) ) )
mation. All sequences with degenerate native structures afe Comparing energy parameters using correlation
discarded. coefficient

2. Scenatrio IlI: Discriminatory potential

We compute the linear correlation coefficient between
3. Scenario Ill: Folding potential derived and reference energy parameters as the main indica-

, : . tor of how effectively different methods extract knowledge-
We first generate protein sequences and native structures

. . . : ased energy functions. The linear correlation coefficrent
in the same way as in scenario Il. This guarantees that th 3¢ pairs of quantitiesx; . ;) is given by the formula
native structure is at the global energy minimum. In order to P q i Yi 9 y

achieve a pronounced energy minimum for the native struc- Si(x=X)(Yi—Y)
ture, we perform sequence design on the native struéture. r= \/ _2\/ —- (29
We change the sequence to minimize the energy of the na- Zi(X%i—=X)NVZi(yi—y)

tive structure using a simulated annealing procedure. At eactWe also compute the correlation between derived energy pa-

step two residues are swapped and the energy difference bexmeters with random starting points as an indication of the

tween the new sequence and the old sequence is evaluatedrabustness of the extracting procedure. Since the parameter

AE (this maintains the native amino acid composijiohhe  fluctuations are expected to be large, we use the more robust

new sequence is accepted if the following condition is satisSpearman rank—order correlation coefficiegt**

fied: — —
o AENTS 29 Zi(R—R)(S—9)

re= — —,

(R —R)2VS.(S — )2
wherep is a random number between 0 and 1, &Wdis \/Z,(R, R) \/E'(S‘ S)
decreased linearly from 0.1 to O during the optimization. WewhereR; is the rank ofx; among the othex’s, S is the rank
perform 10 steps of sequence design and take the final sesf y; among the othey's.

(30
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FIG. 4. Optimization recovers the reference discriminatory potential for0'6' When we increased and Impose Iarger and Iarger en-

scenario Il by minimizing the error rate. During the optimization run, we €rgy gap, the correlation increases and reaches a steady

retain copies of those energy parameters that have survived unchanged fataximum whens is around 0.7. We pick this value fdito

the Iongest_number of stgps. D@®) in the top plot reprgsent the number of run full optimization.

correct assignments until the next error for these retained energy parameters.

Pluses(+) in the top plot give the reciprocal error rate for the energy

parameters evaluated over the test set. D@tsin the bottom plot give the B. Z-score optimization

linear correlation coefficients between the retained energy parameters and

the reference potential. The performance oZ-score optimization is summarized
in Fig. 6 and Table 1. In all three energy scenarios this pro-

cedure is able to find energy parameters with an average
V. RESULTS

Scenario | Scenario Il Scenario Il

A. Error rate minimization

ion

Starting from random energy parameters, we perform:
error rate minimization using the pocket algorithm for® 10
steps. The results are shown in Fig. 4 for energy function'
scenario |l (discriminatory potential We see that keeping
the energy parameters that have so far survived unchanges
for the longest number of steps is a very good approximation
to the energy parameters with minimal error rates. During g
the optimization run, the error rate decreases gradually, am‘g .
the correlation coefficient between the extracted and the ref3 o f / I

F) :51"

. < oA .:-f_‘- 4
erence energy parameters approaches asymptotically to 1. 1§ % .
-1

\

Tor rate minimiza
=)
\.\

1

fact, less than ten million steps are needed for extracted pad
rameters that are 90% accurate.

For energy function scenario I(folding potentia), we
use the tunable parametéidescribed in Eqs(13) and(14),
which represents the energy gap between the native struc .g?“’&éj ,g#
tures and all other alternative structures. We run shorter op:- . F
timization procedurg10® steps using Eq.(14) with two dif-
ferent sets of random starting energy parameters, anc
CompUte the rank_order Correlation CoefﬁCientS between thf Tru;1puriﬁca?ion pot1ential True_r;iscrimir?atory pz)tential T_rL1Je 1oldinog poter:tial
two sets of extracted energy parameters. This measures the
robustness of the optimization procedure. We plot the corref!G. 6. Comparison of derived potentials vs reference potentials. Three

: : f B B ;. different derivation methodgerror rate minimizationZ-score optimization,
lation against differen® parameter in Flg' 5. As shown in and mean-field derivatiorare tested in three different scenarios. Derived

the plot, the optimiza_ltio_n procedure is not rObUSt widds O energy parameters are rescaled to have the same mean and standard devia-
and no energy gap is imposed: the correlation between twaon as the reference energy parameters.

d derivation

Mean-fiel
1
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TABLE I. Performance of potentials derived by different methods.

Potential derived by

True Error rate Z-score Mean-field

potential minimization optimization statistics
Scenario I(purification potentiagl
c.@ 1.000 0.997 0.953 0.814
Z-scoré 3.65 3.58 3.80 3.45
Error raté 4.6x10°4 4.8x10°4 9.8x10™* 3.3x10°°3
Scenario ll(discriminatory potential
c.&@ 1.000 0.991 0.951 0.799
Z-scor@ 4.06 4.12 4.31 3.90
Error raté 0.0 7.6x10 8 6.4x10°° 4.6x1074
Scenario lli(folding potentia)
c.@ 1.000 0.782 0.775 0.525
Z-scoré 5.37 6.50 6.90 3.83
Error raté 7.4x10°3 4.4x10°* 1.2x10°° 5.1x 10 ?

dinear correlation coefficient with the reference energy parameters.
PAverageZ-score for the energy of the native structures evaluated over the test set.
‘Error rate for the constrain§>E", evaluted over the test set.

dError rate for the constraints>E"+ 0.7, evaluated over the test set.

Z-score even higher than that of the reference potential. This Each method has similar performances for scenario | and
is a sign of overfitting that reflects the differences betweerscenario Il, but degraded performance for scenario Ill. For
the normal distribution and the true interaction count distri-example, the best method of error rate minimization can re-
bution, especially at the low count limit that holds for repul- cover >99% reference potential for scenarios | and II, but
sive forces, as discussed previously in this work. As a resultcan only recover 78% for scenario Ill. The reason is that, in
derived energy parameters systematically underestimate reeenario lll, there is a large energy gap between the lowest
pulsive forces, as shown in Fig. 6. Nevertheless, the correlaenergy native structure and all other structures. This feature
tion between extracted potential and reference potential i unlikely to be changed by a small perturbation in the en-

excellent and the variance is low. ergy parameters and the error associated with the extracted
energy parameters is large. For scenarios | and Il, the native
C. Mean-field statistics structure is close to alternative structures in the contact count

] o ~ space, and the energy parameters can be determined to a
The performance of mean-field statistics is summanzeci."gher degree of accuracy.

in Fig. 6 and Table I. The extracted energy parameters are ~ \ye also show in Table | th&-scores and error rates for
approximately unbiased, but the variance is high compareghe gerived potentials evaluated on the test set. Mean-field
to the reference potential. This is likely due to the key aP-potentials perform well judging from botB-scores and error
proximation that ignores correlations between interactiongieg Energy parameters derived friscore optimization
count distributions in deriving the mean-field statistics.perform better, but can still have two to ten times more er-
Mean-field statistics provides a rough but easily derived eSgo5 than parameters derived from error rate minimization,
timate to the energy parameters for any number of paramyhich performs best. The relatively good performance of

eters. Mean-field statistics is easy to calculate even for a verny,ean-field potentials explains their widespread use in protein
large number of energy parameters and protein sequencegcture prediction.

which is a clear advantage over the other two methods. We observe that even though all three methods fail to
provide a near-perfect correlation coefficient for scenario lll,

D. Comparison of three methods under three energy the extracted parameters perform very well as judged by both

function scenarios Z-score and error rate. This shows that with a good formu-

We compare the extracted energy parameters with th@tlon of the energy function, even a rough parametrization

reference energy parameters using three different method@n be very effective in separating the native structures from

(error rate minimizationZ-score optimization, and mean- other misfolded structures.

field derivation under three different scenarios. All derived )

energy parameters are rescaled to have the same mean and-"€rgy parameters derived from sequence and

standard deviation as the reference parameters. We assess ?Rgtact shuffling

quality of the extracted energy parameters by its correlation  While our theory suggests that alternative, decoy struc-

with the reference energy parameters as shown in Fig. 6. Ouures are needed to recover energy parameters, for real pro-
method of error rate minimization performs consistently besteins it is often time consuming to generate such structures.
across all three scenarioZ-score optimization also does Indeed, many current methods for deriving knowledge-based

very well, and mean-field potentials finish up third. energy functions do not use realistic decoys with correct to-
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Contact Shuffling Sequence Shuffiing shuffling or contact shuffling on the native structure does not
replace constructing alternative structures explicitly if accu-

% 1 <3 rate energy parameters are to be derived.
2 w4 ,e’{
QE) 3 o~ g
£ . VI. DISCUSSION
u%_z A. Issues in deriving energy functions: Formulation

VS parametrization
5 ! The complete process of deriving knowledge-based en-
,‘é o {F# }“ ergy function consists of two steps: first selecting the proper
= o g formulation for the energy function, for example residue—
§_1 et i residue contact, distance dependent, etc., and second, deter-
3 mining the best values for the parameters, i.e., parametriza-
N

-2 tion. In this work we focus on energy function
. parametrization, but we also emphasize the importance of

g ! proper energy function formulation. As shown in Fig. 6 and

g ; ¥ Table I, formulation with different accuracy has a large im-

g0 ;t«.g’ :ﬁfg pact on the subsequent parametrization step. It is easier to

§_1 e e parametrize an effective energy function if we have a more

3 . . accurate formulation.

z, While energy function parametrization can be stated in a
mathematical way in this work, the process of energy func-

T;fe disc_r:minato?y poter11tial T:Ee dis;r:minatoey pote;tial tion formulation is hlghly domain—specific and feqUifeS more

insights into the nature of protein energetics and geometry.
F'_(?]- 7. COTP?‘”SO” of derived P_Ote”“i's ve e pO‘e”“ar';;‘;r scenario lloyr results suggest that in addition to refining the techniques
without explicit decoy construction. Three different met ror rate o
minimizatio?’n, Z-scoreyoptimization, and mean-field derivaficare tested. for engrgy parametrization, we need tq devote mor_e efforts to
Artificial decoys are generated by either contact shuffling or sequence shuXploring more accurate energy function formulations.
fling of the native structure. Derived energy parameters are rescaled to have
the same mean and standard deviation as the reference energy parameters.

B. Do mean-field potentials have a sound physical

pological constraints. Rather, they use artificial decoys tha?aS'S?
are derived from the native structure by sequence or contact It has been argued that mean-field potentials are invalid
shuffling. These artificial alternative structures are easy tdecause they lack justification from statistical phySicin
generate because they only involve random permutations dhis article we provide justifications for mean-field potentials
the native structure. On the other hand, they are not redly means of parameter optimization. We do this with two
alternative conformations for the given protein sequence. Iphysically based hypothese®) the native structure occurs
is not obvious that energy parameters extracted from thesat the global minimum of free energy, afio) protein ener-
structures will recover the reference potential. getics can be decomposed primarily into pairwise interac-
We address this problem using our lattice model. Wetions. Assumption(a) is simply the thermodynamic hypoth-
attempt to recover the reference energy parameters for eesis, and assumptigb) is also supported by physics: protein
ergy function scenario I{discriminatory potentialby using  energetics involves van der Waals interactions, electrostatic
three different methods. Instead of generating realistic decoforces, and solvation interactions. Both van der Waals and
structures, we simply shuffle the sequence or contacts of thelectrostatic interactions are pairwise. Solvation interactions
native structure to obtain alternative structures. are not pairwise; however, efforts have been made to ap-
We compare derived energy parameters with referencproximate solvation interactions by pairwise terffis.
energy parameters in Fig. 7. In both cases for sequence shuf- After determining the energy function formulation and
fling and contact shuffling, we are able to recover referenceonstraints, energy parameters are subsequently optimized to
energy parameters to a degree, but not as well as the sarfie the constraints. We have shown that under certain ap-
procedure with realistic alternative structures. The only exproximations, mean-field potentials can be derived as a result
ception is forZ-score optimization combined with sequence of optimization. The physical meaning of pairwise mean-
shuffling, which recovers reference energy parameters bettéield potential is therefore clear: it represents the best pair-
than the same procedure with realistic decoys. Even in thiszvise approximation of protein energetics. We note that en-
case, the performance is still not as good as our optimatrgy functions derived from statistical mechanics are
method of error rate minimization with realistic decoy struc- powerful as discriminatory potentials precisely because they
tures. are implicitly optimized for discriminating power. Indeed,
These results provide justification for using sequencanany recentab initio protein structure prediction methods
shuffling or contact shuffling in energy function parametri-used mean-field potentials and have proven to be

zation. However, these results also suggest that sequeneéfective?’~2°
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ture is a constraint represented by a half-space. In linear
A programming language, minimizing the error rate function

R(e) is the same as solving the maximum cardinality feasible
set problem, i.e., finding a maximum cardinality set of con-

straints that is feasible. We choose to use our formalism
because our geometrical interpretation is clearer and more
intuitive in representing the error rate function.

E. Will the methods work for a parameter space with
higher-dimensions?

We only test energy function extraction for the 210-
parameter residue—residue contact potential. In order to de-
scribe the protein energetics in a more accurate way, energy
functions with many more parameters are needed. Will these
three methods work for the more complicated energy func-

¢ tion formulations?
FIG. 8. Dependence of precision and accuracy of optimal energy parameters Mean-field potential will Clez.irly be feas_lble for any
on the number of structures sampled. In this hypothetical case, only wdiumber of parameters because it does not involve any ex-
interaction types exist andc} are the relative counts in decoys compared plicit optimization step. Indeed, mean-field potentials with
with native structure for interaction type 1 and 2, respectively. Each dotmore than 200000 parameters have been prop%&dh

represents a decoy structure. Dots are randomly generated following th@rror rate minimization and-score optimization involve an
normal distribution. The circle represents the collection of all native struc-

tures in the database, which is located at the ori§ig. (11)]. The differ- explicit optimization_step find t_herefore are likely to suffer
ence between the four plots is the number of points sampleglll hyper- ~ from the curse of dimensionality. In our current study, we
planes within the shaded regions correspond to optimal_energy funetipn.  are able to recover the reference potential to a very high
n:_lo. Decoy structures form a feasible se_t of gor\stralnts, but the error OHegree using both error rate minimization afigcore opti-
optimal energy parameters is large due to insufficient sampliign=20. R in the 210-di . | hi
Decoy structures form ainfeasibleset; i.e., all constraints cannot be simul- mization in the 210-dimensiona paramt_eter_ space. This sug-
taneously satisfied. The error of the optimal parameters is still very largegests that the performance of the optimization procedure de-
This means that the infeasibility is only a necessary requirement: we neegends more on the shape of the decoy interaction count
much more points to determine optimal energy paramet€ssn=50. The - gistrihytion than on the dimensionality. In our study, the
error is reduced, but still quite larg€D) n=100. With only a two-fold f the d int ti t distributi is lik ,l t
increase in the number of samples, we see a dramatic improvement in tt%hape orthe eCO_y '_n eraction Cour! IStribu '(_)n IS fikely to
precision of the optimal energy parameters. This indicates that we now havBe very smooth: it is roughly a mixture of simpleear-
good sampling. Gaussiah distributions with at most clustered maxima,
whereP is the number of proteins. Because of this the search
complexity may not be strongly dependent on dimensional-
ity, allowing us to locate the global minima in a high dimen-
Proper sampling is crucial for energy function parametri-sional space with 210 parameters. As a result, we expect to
zation. First, there should be enough sampled points to dée able to extend both error rate minimization afxdcore
termine the energy parameters with reasonable precisio@ptimization to a parameter space with dimensionality higher
Second, the sampled distribution should reflect the true inthan 210.
teraction count distribution to determine the energy param-
eters with reasonable accuracy. Improper sampling will rey/||. CONCLUSION
sult in over-learning and large errors, especially in a high _ ) »
dimensional space with many parametésse Fig. 8 In this article we presentgd a unified _scheme of
In particular, we need to make sure that enough strucknowledge-based energy function parametrization from

tures are sampled in the vicinity of the native structures'Vhich most current approaches can be derived as approxima-

These structures are needed to accurately position the hypéF?nS- We first start with a constraint satisfaction formulation,
plane that represents the optimal energy parameters. In othapd then transform it into optimization formulation. The so-

words, quality of the decoys has a large effect on the accyution to this optimization problem only depends on the sta-
racy of the derived energy parameters. tistical distribution of interaction counts in the decoy set as

compared to the native structures. By approximating the in-
teraction count distribution to be either a normal or Poisson
distribution, we are able to derive bofascore optimization
and mean-field statistics.

In our approach, we work on the space of structures: we We implement our formalism of error rate minimization
treat structuregconstraintgas points, and energy parametersusing the pocket algorithm and compare our method with
as normal vectors to hyperplanes. However, other people thabth Z-score optimization and mean-field statistics using
use linear programming also concentrate on the duasimple lattice models under three different energy function
space’’*° They work on the space of energy parametersscenarios. Our method consistently performs best across all
each point is a set of energy parameter, and each decoy strugcenarios.

C. Importance of proper sampling

D. Equivalent description in linear programming
terms
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In this article, we outline the theoretical treatment of
extracting knowledge-based energy functions as well as lat-
tice model studies. We are currently deriving energy param-
eters for real protein structures using off-lattice models. That
work will complement our present treatment and will pro-
vide further insights into the nature of knowledge-based en-
ergy functions.
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APPENDIX
1. General solution for the optimal energy parameters that the hyperplangl is the tangent plane of contour map of
VI . :
Here we present the detailed derivation of Ed), a gg(ig)ézrcz%gh pointc". This leads to the simple solution for

general solution for the optimal energy parame&tsWe | hat foll ¢ imat f
start with Eq.(6) and its geometrical interpretation in Fig. 1. n what Tollows we assume two approximations for

pc(c) is the joint probability density function of the random SC(C) :Pa_” indeg_enc_jk;ent norvn\1/al drjstribﬁtionhand an indepen_-
interaction count vector. R(€) is a partial integral op,(c) ent Poisson distribution. We show that these two approxi-

with a boundary of anN—1-dimensional hyperplane that mations lead taZ-score optimization and mean-field statis-

goes through point". The normal to the hyperplane that tics, respectively.

minimizes the integral determines the optimal energy param- o

etere®, and we denote the corresponding optimal hyperplané- €ase I: Independent normal distribution

as.A (see Fig. 1 Assumingp.(c) to be an arbitrary prob- Let us assume thap(c) follows independent normal
ability density function with a single maximurRR(€) is op-  distribution:

timal when the following equation is satisfied:

N

1 _
d — ) — — (Ci'—C-)Z/ZU.Z. Ad

[ de f Pc(C) dC} =0. (A1) pc(c=G) 11:[1 - e (Gij=¢j) e (A4)
de J(c-cm.e<o J

e=e°

Since a linear combination of independent normally distrib-
uted random variables is also normally distributed, we know
that pg(E) is also a normal distribution:

The meaning of the equation is the following. Let us perturb
the normal vector ofA infinitesimally and get a new
N—1-dimensional hyperplaned’. Both A and A’ go

through point ¢", and their intersection is an 1

_(E_F)2 0_2
N—2-dimensional hyperplang3. The above equation re- Pe(E)= Ny e (E-B7207 (A5)
quires that the integral gf.(c) overV, the region in between i
hyperplaned and A’, is zero. We note the following rela- where
tionship between integral ovéf and integral within the hy- N
perplaneA: E_ 2 _,-ej, (A6)
=1
| pe@rav= [ puortasm asas (2) .
v A o
where dé is the infinitesimal angle betweerd and A’, j=1

r(dS,B) is the signed distance betwees and hyperplan#

: By variable substitution, Eq6) can be transformed to the
(see Fig. 9. Therefore from Eqs(Al) and(A2) we have

following equation:

f P(0)r(dS,B) dS=0. (A3) R(e):f bo(E) dE
A E<2]N:1c?ej
This equation holds true for an arbitrary hyperpldheithin .1
A that goes through poimf'. Therefore, point” is the mean _ f+ T e E24p (A8)
of the distributionp.(c) within hyperplaneA. 202 '

Now we assume that the mean of the distributc)

within hyperplaneA is also approximately the point that whereZ(e) is the Z-score for the native structure given by

maximizesp.(c) within A. This is exact for both normal and 2}\‘:1(31-— c;‘)ej
Poisson distribution, and is a good first-order approximation ~ Z(€)= —————". (A9)
for other distributions as well. Under this assumption, we see V2j_107€
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Since each term in the integral in E@\8) is positive, mini- 4. Extension to multiple proteins
mizing R(e) is equivalent to maximizing.(e).

Here we show that for energy functions extracted from
We solve fore® and get 9y

multiple native protein structuressee Sec. Il ¢ both
C.—c" Z-score optimization and mean-field statistics can also be
e}’zk J 21 for all j, (A10) derived under different approximations.
0'.

i We first start with Eq(11), and the optimal energy pa-
wherek is an arbitrary positive constant. This result can also/@metere’ should minimize the error raf(e). By assuming

be obtained from Eq(7). independent normal distributions for decoy interaction
With the optimal value o&°, we can then calculate the counts for each sequence, this optimization problem can be
optimal Z-score value as reduced to optimization of the averagescore in a way

similar to one outlined above in Sec. 2. In what follows, we

2 show that under certain conditions, this optimization prob-
Z7°= ( ) . (A11) lem will also lead to Bayesian statistics.
=1\ 0 First we introduce an approximation to E®):
3. Case II: Independent Poisson distribution P P
| | .. Re)=( 6| X Ef— > Eq , (A17)
Next we consider an alternative approximation of the k=1 k=1 K s e

interaction count distributiorp.(c), as an independent Pois-

son distribution: whereP is the number of proteins with known native struc-

N o= Sil tures. What we are doing here is to regardrafiative struc-
= .):H I (A12) tures as domains of one single imaginary protein, with no
Pe(C=c)= T ) . . :
j=1  Cij' interactions between domains, and define the errorRége

. . o .based on the “native” structure and decoys for this imagi-
The unsymmetrical Poisson distribution is a better approxi- y 9

. i S ; nary protein. In this way we approximate the multiple pro-
ma_tlon than th? symmetnc_al ”OTma' d|s_tr|but|on o the inter tein problem as the single protein problem. This is an ap-
action count distribution, since interaction counts can neve

. ) . . R . E)roximation. Nevertheless, minimizing this approximate
be negative. The tail of the interaction count distribution dif-¢. o ate function is a necessary condition for a perfect en-
fers significantly from the tail of the normal distribution,

. L S . ergy function.
especially at the limit of low count, and it is the tail of the Now that the multiple protein problem is reduced to the
distribution that is important in defining the optimal energy

. . . single protein problem, by assuming independent Poisson
I\lencté?rir?bargn:leterile?hﬁgr. 2 ]](';:1 compt)i?:slonnbertweenrthrs distributions for decoy interaction counts in a way similar to
et:rs) stributions a € resutting optimal €nergy param-,,o oytlined above in Sec. 3, we get Boltzmann-like statis-

. . L . ._tics as the first-order approximation result for optimal ener
Using Sterling’s approximation to approximate the Pois- PP P %Yy
oo : . parameter.
son distribution by a continuous function,

Inx!'=xInx—x. (A13)
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