
JOURNAL OF CHEMICAL PHYSICS VOLUME 113, NUMBER 20 22 NOVEMBER 2000
Extracting knowledge-based energy functions from protein structures
by error rate minimization: Comparison of methods using lattice model

Yu Xiaa) and Michael Levitt
Department of Structural Biology, Stanford University School of Medicine, Stanford, California 94305

~Received 30 June 2000; accepted 1 September 2000!

We describe a general framework for extracting knowledge-based energy function from a set of
native protein structures. In this scheme, the energy function is optimal when there is least chance
that a random structure has a lower energy than the corresponding native structure. We first show
that subject to certain approximations, most current database-derived energy functions fall within
this framework, including mean-field potentials,Z-score optimization, and constraint satisfaction
methods. We then propose a simple method for energy function parametrization derived from our
analysis. We go on to compare our method to other methods using a simple lattice model in the
context of three different energy function scenarios. We show that our method, which is based on
the most stringent criteria, performs best in all cases. The power and limitations of each method for
deriving knowledge-based energy function is examined. ©2000 American Institute of Physics.
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I. INTRODUCTION

Energy functions empirically extracted from a databa
of known native protein three-dimensional structures are
ferred to as ‘‘knowledge-based.’’ Due to the rapid increase
the number of known protein structures and the limited s
cess of physical potentials to discriminate native struct
from misfolded structures ~also known as decoys!,
knowledge-based energy functions have been widely use
fold recognition, comparative modeling, andab initio struc-
ture prediction.1 Many different methods have been propos
for extracting knowledge-based energy function based
very different principles. They can be roughly grouped in
three categories.

The first category involves methods based on statist
mechanics or Bayesian statistics. First proposed by Tan
and Scheraga2 and later refined by Miyazawa and Jernigan3,4

and Sippl,5,6 these methods, based on statistical mechan
all rely on Boltzmann statistics:

ej52kT ln
Nj

n

Nj
ref , ~1!

whereej is the energy parameter forjth-type interaction,Nj
n

is the total number ofjth-type interactions observed in th
database of native structures, andNj

ref is the total number of
jth-type interactions expected in the reference state. Exis
methods differ mainly in their choices of reference state7

An alternative approach based on Bayesian statistics usi
simple log–odds score also yields the same formalism.8,9

In spite of its simplicity and widespread use, seve
problems are associated with this approach.

~a! The physical nature of the reference state is obsc
making it difficult to choose a reference state proper

a!Author to whom correspondence should be addressed; electronic
yuxia@csb.stanford.edu
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~b! It is not clear why energy function parameters deriv
from Boltzmann statistics should give the best perf
mance in threading tests andab initio prediction. Even
though supported by the Random Energy Mode10

Boltzmann statistics has been shown to introduce s
tematic errors in recovering energy functio
parameters.11

The second category involves methods based on di
optimization of some measurement of the performance of
energy function. Very different optimization schemes ha
been proposed: maximizingTf /Tg , the ratio of the folding
temperature to the glass transition temperature,12 maximizing
the average probability of successful prediction,13 minimiz-
ing the free energy of the native state,14 etc. Many of these
methods reduce to the optimization of theZ-score, the en-
ergy difference between average decoy structure and na
structure in units of standard deviation.12,13,15

The third category, proposed by Crippen,16–18 involves
constraint satisfaction. A library of incorrect structures is e
plicitly constructed and energy function parameters are tu
to satisfy all the inequalities that ensure the native struct
has lower energy than any of the incorrect decoy structu

A priori, it would appear that energy parameters deriv
from less well-justified Boltzmann statistics should perfo
significantly worse in threading andab initio tests relative to
parameters derived from more sound optimization and c
straint satisfaction methods. Surprisingly, the performan
are quite similar to each other. It is intriguing that metho
based on very different formalisms generate energy par
eters with similar performances.

In this work we show that all three categories of metho
can indeed be derived as approximations in a unified th
retical framework of minimizing the error rate, i.e., the pro
ability that a random structure has a lower energy than
corresponding native structure. We describe a simple im
il:
8 © 2000 American Institute of Physics
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mentation of error rate minimization, and compare o
method with two other popular methods,Z-score optimiza-
tion and mean-field approximation using a simple latt
model in the context of three different energy function s
narios.

II. A UNIFIED FRAMEWORK FOR KNOWLEDGE-
BASED ENERGY FUNCTION

In this section we present a unified framework for der
ing knowledge-based energy functions. First we consider
problem of extracting the energy function from a single n
tive structure, and show that all three above-mentioned
proaches can be obtained from the same assumption u
different approximations. Then we extend the result to
clude multiple native structures. Some details of the deri
tion are presented in the Appendix.

A. Problem specification for a single protein

Given a protein with known native structure and a
brary of random and uniformly sampled decoy structures,
start from the assumption that the native structure has
lowest energy compared with any other structure:

En,Ei , for all i 51, . . . ,M , ~2!

whereEn is the energy of native structure,Ei is the energy of
the ith decoy, andM is the number of decoys. This is
natural assumption in that the main use of the energy fu
tions we are seeking is to distinguish the native state fr
the decoys. We decompose the energy into individual in
action components in the following way:

Ei5(
j 51

N

ci j ej5ci•e, for all i 51, . . . ,M , ~3!

whereN is the number of interaction types,ci j is the number
of occurrences of thejth interaction type in theith decoy,
andej is the interaction energy for thejth interaction type. In
this formulation, the energy is assumed to be linear w
respect to the interaction counts. Many existing energy fu
tions can be defined in this way, including contact potenti
distance-dependent potentials, and many-body interactio

The energy for the native structure is also a linear fu
tion of native interaction counts:

En5(
j 51

N

cj
nej5cn

•e. ~4!

E is usually interpreted as the solvent-averaged effective
tential energy of the protein. It is well justified to decompo
potential energy into individual interactions; however, E
~2! becomes aminimal requirement for a perfect energ
function, because the native state must not only be the gl
minimum in the potential energy surface, it must also b
pronouncedminimum, with significantly lower energy tha
any other state. Here our hope is that with a large numbe
known protein structures, even a minimal requirement s
as Eq.~2! is restrictive enough to recover the ‘‘true’’ poten
tial energy parameters with precision. In the next section
will discuss when this hypothesis breaks down and how
can be possibly remedied.
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When the number of decoys,M, is small enough that a
solutione exists to satisfy all the inequalities in Eq.~2!, this
approach reduces to the constraint satisfaction metho16

However, since the energy function formulation in Eqs.~3!
and ~4! is only an approximation to the true potential, th
inequalities in Eq.~2! may not be all satisfied whenM is very
large, at least in the case of the popular residue-residue
tact potential.19 In order to get the best approximation to th
true potential, we can simply minimize the error rate, i.e.,
percentage of inequalities in Eq.~2! that are not satisfied. In
this way, we define energy function parametrization as
optimization of the following error rate function,R(e):

R~e!5^u~En2Ei !& i , ~5!

whereu(x), the Heaviside step function, is 1 whenx is posi-
tive, and 0 whenx is negative.̂ ¯& i denotes averaging ove
subscripti.

Intuitively, R(e) is the probability that a randomly se
lected decoy in the decoy set has lower energy than the
tive structure. A value of 0 means that the native struct
has the lowest energy compared with decoy structure
value of 1 means it has the highest energy. Therefore, en
parameters that minimizeR(e) should give the best discrimi
nating performance. Let us denote the optimal energy par
eter set aseo. In what follows we derive an approximat
analytical solution foreo and augment it with a geometrica
interpretation.

B. General solution and geometrical interpretation

We first explore the geometrical meaning of theR(e)
function. Equation~5! can be rewritten as

R~e!5E
~c2cn!Àe,0

pc~c! dc, ~6!

wherepc(c) is the joint probability density function of the
random interaction count vectorc. We see thatR(e) is a
partial integral of pc(c) with a boundary of an
N21-dimensional hyperplane that goes through the pointcn.
The normal to the hyperplane that minimizes the integ
determines the optimal energy parametereo ~see Fig. 1!. Un-
der certain approximations, a simple analytical solution c
be derived for the optimal energy parametereo:

eo5¹W pc~cn!. ~7!

Details of the derivation are presented in the Appendix~Sec.
1!. The geometrical interpretation of this solution is intuitiv
in thateo is perpendicular to the contour of interaction cou
distribution through pointcn. It is clear from this equation
that the optimal energy parameterseo depend on the decoy
interaction count distributionspc(c), especially near the in-
teraction count vector for the native structurecn. Further-
more, by assuming thatpc(c) follows an independent norma
distribution or an independent Poisson distribution, t
above solution leads toZ-score optimization and mean-fiel
statistics, respectively. Details of the derivation are presen
in the Appendix~Secs. 2 and 3! and illustrated in Fig. 2.
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C. Extension to multiple proteins

The above discussion can be extended to multiple p
teins, where the native structures for many sequences
assumed to be known. The optimal energy function para
eter eo should minimize the average prediction error ra
function R(e):

R~e!5^u~Ek
n2Eki!& i ,k , ~8!

where Ek
n is the energy for the native structure of thekth

protein,Eki is the energy for theith decoy of thekth protein,

FIG. 1. Geometrical interpretation of the energy function. This is a
representation of the high-dimensional space of interaction counts. E
point in the space represents structures with particular interaction co
Concentric ellipsoids represent the contour map of the interaction c
distribution.ci is the count for theith interaction type. Pointcn is the native
structure. Energy function parameters are represented by a vectore. A is the
hyperplane that goes throughcn with e as its normal vector. The region
above the hyperplaneA is called ‘‘Correct Region’’ because points~struc-
tures! within this region have higher energy than the native structure.
region belowA, shown shaded, is called ‘‘Error Region’’ because poin
~structures! within this region have lower energy than the native structu
A8 corresponds to a hyperplane defining an alternative set of energy pa
eters.

FIG. 2. Comparison between~A! the normal distribution and~B! the Pois-
son distribution. Each point is shaded according to the density of the in
action count distribution.cn is the native structure, and hyperplaneA cor-
responds to the optimal energy parameters. Even though the two cases
the same native structure and the same average interaction counts, the
mal energy parameters, indicated by the hyperplaneA, are different due to
the different interaction count distributions.
-
re
-

and ^•••& i ,k denotes averaging over subscriptsi and k ~de-
coys and proteins!. We can rewrite this equation in terms o
interaction counts:

R~e!5^u~~ck
n2cki!•e!& i ,k . ~9!

This equation can also be interpreted geometrically. Let
define the relative interaction countcki8 as

cki j8 5cki j2ck j
n for all j 51, . . . ,N, ~10!

where for each interaction typej, cki j is the interaction count
in the ith decoy of thekth protein, andck j

n is the interaction
count in the native structure of thekth protein. We then have

R~e!5E
c8•e,0

pc8~c8! dc8, ~11!

where pc8(c8) is the joint probability density function o
relative interaction count for randomly chosen protein
quence and decoy. We see thatR(e) is a partial integral of
pc8(c8) with a boundary ofN21-dimensional hyperplane
that goes through the origin. The normal to the hyperpla
that minimizes the integral determines the optimal ene
parametereo.

Similar to the single protein case, under different a
proximations on the decoy interaction count distributi
pc8(c8), the above optimization problem leads to bo
Z-score optimization and mean-field statistics. Details of
derivation are presented in the Appendix~Sec. 4!.

III. DERIVING ENERGY PARAMETERS FROM PROTEIN
FOLDS

In the previous section, we derived general principles
knowledge-based energy function extraction. In this sect
we describe a simple implementation of our error rate m
mization. We also describe our implementation of two oth
popular methods,Z-score optimization and mean-field ap
proach.

A. Method I: Minimize the error rate function

Our goal is to minimize the error rate functionR(e), the
probability that a random decoy of a randomly picked p
tein has a lower energy than the corresponding native st
ture, without any assumption on the interaction count dis
bution. Our procedure is a variation of the perceptr
learning algorithm known as the pocket algorithm.20 We start
with a set of normalized random energy parameterse with
zero mean and iteratively update them@since adding or mul-
tiplying a constant to all energy parametersej does not
change the value ofR(e) in our lattice study, we can nor
malize all energy parameters to have zero mean and
norm#. At each step we randomly choose a protein seque
from the training set and its corresponding native structu
cn, as well as a random alternative structure,c. We update
the energy parameters in the following way:

enew5e1l~c2cn!u~En2E!, ~12!

whereu(x) is the Heaviside step function. Namely, we ke
the old energy parameters when the energy for the na
structure is lower than the alternative structure, and only
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date the energy parameters when this constraint is viola
The update to the energy parameters is chosen in such a
as to correct this violation. The degree of correction is c
trolled by a tunable parameterl, which linearly decrease
from l0 to 0 as optimization proceeds~l0 is set to 0.1 in our
study!. The new energy parameters are again normalized
the procedure continues.

We retain energy parameters that have survived
changed for the longest number of steps during the opt
zation run~the pocket algorithm!. It can be shown that, for a
sufficiently long training time, this gives, with probabilit
arbitrarily close to unity, the set of energy parameters wh
produces the smallest possible number
misclassifications.20

This is the optimization procedure that we use wh
there is no large energy gap between the native struct
and the alternative structures~see energy function scenarios
and II described in the next section!. However, for the fold-
ing potential~energy function scenario III described in th
next section!, the energy gap between the native struct
and alternative structures is large enough that the simple
straint that the native structure has lower energy than a
native structures is no longer sufficiently restrictive. As w
will see in the results section, the above optimization is
stable and the results depend strongly on the initial con
tions. To solve this problem we apply a more restrictive co
straint,

E.En1d, ~13!

whered, a tunable nonnegative number, represent the en
gap between the native structures and all other alterna
structures. Since all energy parameterse are normalized,d is
a unitless constant. A large energy gapd corresponds to a
pronounced folding funnel as well as fast folding kinetics21

We minimize the error rate for the above constraints us
the same learning procedure as above, with a new upda
rule,

enew5e1l~c2cn2de!u~En1d2E!. ~14!

Again the new energy parameters are normalized. We s
how to determine the best value ford in the results section

B. Method II: Optimize the average Z-score

We define the averageZ-score as the arithmetic averag
over different proteins of the individualZ-scores for the cor-
responding native structures,

Z̄5
1

P
(
k51

P ^Eki& i2Ek
n

A^Eki
2 & i2^Eki& i

2
, ~15!

where for proteink, Ek
n is the energy for the native structur

Eki is the energy for theith decoy, and̂ •••& i denotes aver-
aging over subscripti. Mirny and Shakhnovich pointed out15

that the above definition can be rewritten in the followi
way:

Z̄5
1

P
(
k51

P ( j 51
N ak jej

A( j 51
N ( j 851

N ejBk j j 8ej 8

, ~16!
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where vectorak and covariance matrixBk are defined in
terms of relative interaction countscki j8 from Eq. ~10!:

ak j5^cki j8 & i for all k51, . . . ,P, j 51, . . . ,N, ~17!

Bk j j 85^cki j8 cki j 8
8 & i for all k51, . . . ,P, j , j 851, . . . ,N.

~18!

We further adopt the assumption of Mirny and Shakhnov
that the covariance matrixBk only depends on protein size
In our lattice model study, all lattice proteins have the sa
size. As a result, we can replace allak andBk by their aver-
ageā and B̄, and rewriteZ̄ as

Z̄5
( j 51

N ājej

A( j 51
N ( j 851

N ej B̄j j 8ej 8

. ~19!

We evaluateā and B̄ by explicitly constructing alternative
structures for all lattice proteins.

To obtain optimal energy parameterseo one would nor-
mally perform numerical optimization on the above equ
tion. There is, however, an analytical solution that optimiz
Z̄. We first rewrite the above equation in matrix form,

Z̄5
eāT

AeB̄eT
, ~20!

whereā ande are row vectors, andeT is the transpose ofe. B̄
is a real symmetric covariance matrix, and is therefore di
onalizable with

B̄5VDVT, ~21!

whereD is a diagonal matrix that contains all the eigenv
ues 05D11,D22<•••<DNN , and V is an orthogonal ma-
trix that satisfiesVVT5VTV5I , whereI is the unitary ma-
trix. All the eigenvalues are nonnegative since the aver
covariance matrixB̄ is positive semidefinite. In our lattice
model study, all the alternative lattice structures have
same total number of contacts as the native structure. A
result, adding a constant energy term to each of the con
energy parameters will not change the value ofZ̄. B̄ is there-
fore not full rank, and the smallest eigenvalueD11 is 0.

Note that eāT5e(VVT)āT, and eB̄eT5e(VDVT)eT

5(eV)D(eV)T. If we combine the variables in the following
ways: ā85āV, ande85eV, we can rewriteZ̄ as follows:

Z̄5
e8ā8T

Ae8De8T
. ~22!

SinceD is a diagonal matrix, this equation is similar to E
~A9! in the Appendix~Section 2! and has the following so-
lution e8o that optimizesZ̄:

ej8
o5k

āj8

D j j
, for all j 52, . . . ,N, ~23!

wherek is an arbitrary positive constant.e18
o is an arbitrary

number sinceD11 is 0, and we sete18
o to be 0. This is equiva-

lent to setting the average of all the energy parametersej to
be 0.

Finally we obtain the optimal energy parameters,
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eo5e8oVT. ~24!

For proteins with different sizes, this solution is no long
exact but still serves as a good first-order approximation
a reliable starting point for further numerical optimization

C. Method III. Derive mean-field, Bayesian statistics

In the mean-field/Bayesian approach, the energy par
eterseo is estimated in the following way:

ej
o52k ln

(k51
P ck j

n

(k51
P ^cki j& i

. ~25!

In this formulation the reference state is defined explicitly
sampling alternative lattice structures. Sometimes the
merator is 0 due to insufficient sequence sampling. In
case the numerator is set to be 1/2.

IV. A TEST CASE

In this section, we describe a simple lattice model
protein structures. We identify three scenarios based on
accuracy of the energy function formulation, and for ea
describe how we generate a database of native protein
quences, native structures, and alternative structures~de-
coys!. This database of model proteins is then used to ev
ate the performance of the three methods for deriving ene
parameters.

A. Sets of lattice folds for training and testing

We use a simple 636 two-dimensional square lattic
model to construct test proteins. Protein conformations
represented by self-avoiding compact walks that occupy
lattice vertices. There are a total of 57 337 such conform
tions that are not symmetry related. Each lattice vertex r
resents a protein residue and is labeled by one of the
amino acids. As a result, all our model proteins are 36 r
dues in size. We set the energy function formulation to b
pairwise residue–residue contact energy function: the t
energy of a conformation is calculated as the product of
ergy parameter for each residue–residue contact type an
number of occurrences for that contact type in the giv
conformation, summed over all contact types:

E5(
j 51

N

ejcj . ~26!

Two residues are said to be in contact if~i! they are non-
bonded, and~ii ! they occupy adjacent vertices in the lattic
The total number of energy parametersej that need to be
determined is 210~the number of unique residue pairs ALA
ALA, ALA–CYS, etc.!.

To test how effective different methods extra
knowledge-based potentials, we first choose a set of arbit
energy parametersej as the reference potential. In this wo
we choose the mean-field residue–residue contact en
function derived from real proteins by Hinds and Levitt22 as
the reference potential. We construct a database of pro
sequences and the corresponding native structures acco
to the reference potential, then use different methods to
tract knowledge-based potentials from this database of m
r
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proteins. We compare the performance of each method
evaluating how accurately the extracted potential can reco
the reference potential.

In our study, we generate 20 000 protein sequences
their corresponding native structures as the training
Knowledge-based energy function parameters are extra
from this set. We then generate another 5000 protein
quences and their corresponding native structures using
ferent starting random seeds as the test set to evaluate
statistical reliability of the extracted energy parameters.

B. Three different energy function scenarios

How do we generate proper protein sequences and t
corresponding native structures for the reference poten
This question is closely related to how accurate the ene
function formulation mimics the true physical potential fo
mulation. Since we do not know the exact forces that
responsible for protein folding, energy function formulatio
with different accuracy have been used traditionally. T
will affect the accuracy of the extracted knowledge-bas
energy parameters. We would like to take this factor in
consideration in our lattice model study. We identify thr
scenarios based on the accuracy of energy function form
tion.

In scenario I, the energy function formulation is a rou
approximation to the true potential. The reference ene
parameters assign a low energy to the native structure,
not necessarily the lowest. This energy function is useful a
purification potential for protein structure prediction met
ods. It is capable of selecting a small subset from a la
ensemble of alternative structures with higher concentra
of near-native structures. Residue–residue contact pote
is an example of such formulation for real proteins.

In scenario II, the energy function formulation mimic
the true potential more accurately. The native structure i
the global energy minimum using the reference energy
rameters. This energy function is an example of a perf
discriminatory potential for protein structure predictio
methods. It is capable of discriminating the native struct
from all other alternative structures.

In scenario III, the energy function formulation is th
closest to the true potential. The native structure is at apro-
nouncedglobal energy minimum using the reference ener
parameters. This energy function is a folding potential a
should be able to fold proteins in dynamics simulations.

These three scenarios are summarized in Fig. 3. In w
follows we show how we simulate these three scenarios
choosing proper model protein sequences and structures

1. Scenario I: Purification potential

We first generate random protein sequences. For e
protein sequence, we enumerate all possible conformat
and define their true energiesE8 in the following way:

E85E1N~0,s2!, ~27!

whereE is the energy as computed in Eq.~26!, N(0,s2) is an
additional Gaussian noise term with zero mean and stan
deviations to reflect the approximate nature of the ener
function formulation. In our studys is set to 0.1. The struc
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ture with the lowest energyE8 is chosen to be the nativ
structure; this structure will not have the lowest energy w
the true energy,E.

2. Scenario II: Discriminatory potential

We generate random protein sequences. For each pr
sequence, we enumerate all possible conformations and c
pute their energies as defined in Eq.~26!. We then choose the
conformation with the lowest energy to be the native conf
mation. All sequences with degenerate native structures
discarded.

3. Scenario III: Folding potential

We first generate protein sequences and native struct
in the same way as in scenario II. This guarantees that
native structure is at the global energy minimum. In order
achieve a pronounced energy minimum for the native str
ture, we perform sequence design on the native structu23

We change the sequence to minimize the energy of the
tive structure using a simulated annealing procedure. At e
step two residues are swapped and the energy difference
tween the new sequence and the old sequence is evaluat
DE ~this maintains the native amino acid composition!. The
new sequence is accepted if the following condition is sa
fied:

e2DE/kT.p, ~28!

where p is a random number between 0 and 1, andkT is
decreased linearly from 0.1 to 0 during the optimization. W
perform 105 steps of sequence design and take the final

FIG. 3. Three scenarios based on the accuracy of energy function form
tion. Top three plots show the two-dimensional projection of the 2
dimensional contact count vector. Dots~d! represent alternative conforma
tions for a protein, and circles~s! represent the native structure. Dotte
lines represent the reference energy parameters. Bottom three plots sho
low energy tails of the energy spectra evaluated using the reference e
parameters. The native structure is indicated by the arrow. In scenario
potential is a purification potential, i.e., the energy of the native structur
among the lowest of all possible structures as judged by the referenc
ergy parameters. In scenario II, the potential is a perfect discrimina
potential, i.e., the energy of the native structure is at the global minimum
scenario III, the potential is a folding potential and the energy of the na
structure is much lower than all alternative structures.
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quence as the designed sequence for the native structure
ensure that the target structure does have the lowest en
for the designed sequence. Again, all sequences with de
erate native structures are discarded.

C. Decoys for recovering energy parameters

Decoys, either realistic or artificial, are needed to
cover energy function parameters from a set of native pro
structures. In this study we generally use realistic decoys,
also consider the effect of using artificial decoys construc
by shuffling the native protein sequence or contacts.

1. Realistic decoys on a lattice

Realistic decoys are alternative structures with the c
rect topological constraints. In our lattice model, there ar
total of 57 336 such decoys excluding the native structu
Random subsets of these decoy conformations for each
tein are used to recover the energy parameters by the t
methods.

2. Shuffling sequence

For sequence shuffling, we generate random seque
with the same amino acid composition as in the native
quence, and thread them onto the native structure. These
coys do not have the same sequential chain connectivity a
the native protein and therefore are artificial.

3. Shuffling contacts

For contact shuffling, we generate random contact m
as decoys with the same chain connectivity and the sa
total number of contacts as in the native structure. The
coys generated are artificial and usually do not correspon
any physical lattice structures.

D. Comparing energy parameters using correlation
coefficient

We compute the linear correlation coefficient betwe
derived and reference energy parameters as the main in
tor of how effectively different methods extract knowledg
based energy functions. The linear correlation coefficienr
for pairs of quantities~xi , yi! is given by the formula

r 5
( i~xi2 x̄!~yi2 ȳ!

A( i~xi2 x̄!2A( i~yi2 ȳ!2
. ~29!

We also compute the correlation between derived energy
rameters with random starting points as an indication of
robustness of the extracting procedure. Since the param
fluctuations are expected to be large, we use the more ro
Spearman rank–order correlation coefficientr s :24

r s5
( i~Ri2R̄!~Si2S̄!

A( i~Ri2R̄!2A( i~Si2S̄!2
, ~30!

whereRi is the rank ofxi among the otherx’s, Si is the rank
of yi among the othery’s.
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V. RESULTS

A. Error rate minimization

Starting from random energy parameters, we perfo
error rate minimization using the pocket algorithm for 19

steps. The results are shown in Fig. 4 for energy funct
scenario II~discriminatory potential!. We see that keeping
the energy parameters that have so far survived uncha
for the longest number of steps is a very good approxima
to the energy parameters with minimal error rates. Dur
the optimization run, the error rate decreases gradually,
the correlation coefficient between the extracted and the
erence energy parameters approaches asymptotically to
fact, less than ten million steps are needed for extracted
rameters that are 90% accurate.

For energy function scenario III~folding potential!, we
use the tunable parameterd described in Eqs.~13! and~14!,
which represents the energy gap between the native s
tures and all other alternative structures. We run shorter
timization procedure~108 steps! using Eq.~14! with two dif-
ferent sets of random starting energy parameters,
compute the rank–order correlation coefficients between
two sets of extracted energy parameters. This measure
robustness of the optimization procedure. We plot the co
lation against differentd parameter in Fig. 5. As shown i
the plot, the optimization procedure is not robust whend is 0
and no energy gap is imposed: the correlation between

FIG. 4. Optimization recovers the reference discriminatory potential
scenario II by minimizing the error rate. During the optimization run,
retain copies of those energy parameters that have survived unchange
the longest number of steps. Dots~d! in the top plot represent the number o
correct assignments until the next error for these retained energy param
Pluses~1! in the top plot give the reciprocal error rate for the ener
parameters evaluated over the test set. Dots~d! in the bottom plot give the
linear correlation coefficients between the retained energy parameters
the reference potential.
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sets of independently derived energy parameters is less
0.6. When we increasedd and impose larger and larger en
ergy gap, the correlation increases and reaches a st
maximum whend is around 0.7. We pick this value ford to
run full optimization.

B. Z-score optimization

The performance ofZ-score optimization is summarize
in Fig. 6 and Table I. In all three energy scenarios this p
cedure is able to find energy parameters with an aver

r
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nd

FIG. 5. Rank–order correlation coefficient between two sets of indep
dently derived energy parameters using error rate minimization proce
for scenario III ~folding potential!, plotted against imposed energy gap@d
parameter from Eq.~13!#.

FIG. 6. Comparison of derived potentials vs reference potentials. Th
different derivation methods~error rate minimization,Z-score optimization,
and mean-field derivation! are tested in three different scenarios. Deriv
energy parameters are rescaled to have the same mean and standard
tion as the reference energy parameters.
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TABLE I. Performance of potentials derived by different methods.

True
potential

Potential derived by

Error rate
minimization

Z-score
optimization

Mean-field
statistics

Scenario I~purification potential!
c.ca 1.000 0.997 0.953 0.814
Z-scoreb 3.65 3.58 3.80 3.45
Error ratec 4.631024 4.831024 9.831024 3.331023

Scenario II~discriminatory potential!
c.ca 1.000 0.991 0.951 0.799
Z-scoreb 4.06 4.12 4.31 3.90
Error ratec 0.0 7.631026 6.431025 4.631024

Scenario III~folding potential!
c.ca 1.000 0.782 0.775 0.525
Z-scoreb 5.37 6.50 6.90 3.83
Error rated 7.431023 4.431024 1.231023 5.131022

aLinear correlation coefficient with the reference energy parameters.
bAverageZ-score for the energy of the native structures evaluated over the test set.
cError rate for the constraintsE.En, evaluted over the test set.
dError rate for the constraintsE.En10.7, evaluated over the test set.
h
e

tri
l-
u

el
l

ze
a
re
p

io
s
e
am
e
c

th
o
-
d

n
ss
tio
O
es
s

and
or
re-
ut

, in
est

ture
n-
cted
tive
unt
to a

r
eld

er-
on,
of

tein

to
III,
oth
u-

ion
om

uc-
pro-
res.
sed
to-
Z-score even higher than that of the reference potential. T
is a sign of overfitting that reflects the differences betwe
the normal distribution and the true interaction count dis
bution, especially at the low count limit that holds for repu
sive forces, as discussed previously in this work. As a res
derived energy parameters systematically underestimate
pulsive forces, as shown in Fig. 6. Nevertheless, the corr
tion between extracted potential and reference potentia
excellent and the variance is low.

C. Mean-field statistics

The performance of mean-field statistics is summari
in Fig. 6 and Table I. The extracted energy parameters
approximately unbiased, but the variance is high compa
to the reference potential. This is likely due to the key a
proximation that ignores correlations between interact
count distributions in deriving the mean-field statistic
Mean-field statistics provides a rough but easily derived
timate to the energy parameters for any number of par
eters. Mean-field statistics is easy to calculate even for a v
large number of energy parameters and protein sequen
which is a clear advantage over the other two methods.

D. Comparison of three methods under three energy
function scenarios

We compare the extracted energy parameters with
reference energy parameters using three different meth
~error rate minimization,Z-score optimization, and mean
field derivation! under three different scenarios. All derive
energy parameters are rescaled to have the same mea
standard deviation as the reference parameters. We asse
quality of the extracted energy parameters by its correla
with the reference energy parameters as shown in Fig. 6.
method of error rate minimization performs consistently b
across all three scenarios.Z-score optimization also doe
very well, and mean-field potentials finish up third.
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Each method has similar performances for scenario I
scenario II, but degraded performance for scenario III. F
example, the best method of error rate minimization can
cover .99% reference potential for scenarios I and II, b
can only recover 78% for scenario III. The reason is that
scenario III, there is a large energy gap between the low
energy native structure and all other structures. This fea
is unlikely to be changed by a small perturbation in the e
ergy parameters and the error associated with the extra
energy parameters is large. For scenarios I and II, the na
structure is close to alternative structures in the contact co
space, and the energy parameters can be determined
higher degree of accuracy.

We also show in Table I theZ-scores and error rates fo
the derived potentials evaluated on the test set. Mean-fi
potentials perform well judging from bothZ-scores and error
rates. Energy parameters derived fromZ-score optimization
perform better, but can still have two to ten times more
rors than parameters derived from error rate minimizati
which performs best. The relatively good performance
mean-field potentials explains their widespread use in pro
structure prediction.

We observe that even though all three methods fail
provide a near-perfect correlation coefficient for scenario
the extracted parameters perform very well as judged by b
Z-score and error rate. This shows that with a good form
lation of the energy function, even a rough parametrizat
can be very effective in separating the native structures fr
other misfolded structures.

E. Energy parameters derived from sequence and
contact shuffling

While our theory suggests that alternative, decoy str
tures are needed to recover energy parameters, for real
teins it is often time consuming to generate such structu
Indeed, many current methods for deriving knowledge-ba
energy functions do not use realistic decoys with correct
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pological constraints. Rather, they use artificial decoys
are derived from the native structure by sequence or con
shuffling. These artificial alternative structures are easy
generate because they only involve random permutation
the native structure. On the other hand, they are not
alternative conformations for the given protein sequence
is not obvious that energy parameters extracted from th
structures will recover the reference potential.

We address this problem using our lattice model. W
attempt to recover the reference energy parameters for
ergy function scenario II~discriminatory potential! by using
three different methods. Instead of generating realistic de
structures, we simply shuffle the sequence or contacts o
native structure to obtain alternative structures.

We compare derived energy parameters with refere
energy parameters in Fig. 7. In both cases for sequence s
fling and contact shuffling, we are able to recover refere
energy parameters to a degree, but not as well as the s
procedure with realistic alternative structures. The only
ception is forZ-score optimization combined with sequen
shuffling, which recovers reference energy parameters b
than the same procedure with realistic decoys. Even in
case, the performance is still not as good as our opti
method of error rate minimization with realistic decoy stru
tures.

These results provide justification for using sequen
shuffling or contact shuffling in energy function paramet
zation. However, these results also suggest that sequ

FIG. 7. Comparison of derived potentials vs true potentials for scenar
without explicit decoy construction. Three different methods~error rate
minimization, Z-score optimization, and mean-field derivation! are tested.
Artificial decoys are generated by either contact shuffling or sequence s
fling of the native structure. Derived energy parameters are rescaled to
the same mean and standard deviation as the reference energy param
at
ct

to
of
al
It
se

e
n-

y
he

e
uf-
e
me
-

ter
is
al
-

e

ce

shuffling or contact shuffling on the native structure does
replace constructing alternative structures explicitly if acc
rate energy parameters are to be derived.

VI. DISCUSSION

A. Issues in deriving energy functions: Formulation
vs parametrization

The complete process of deriving knowledge-based
ergy function consists of two steps: first selecting the pro
formulation for the energy function, for example residue
residue contact, distance dependent, etc., and second, d
mining the best values for the parameters, i.e., parametr
tion. In this work we focus on energy functio
parametrization, but we also emphasize the importance
proper energy function formulation. As shown in Fig. 6 a
Table I, formulation with different accuracy has a large im
pact on the subsequent parametrization step. It is easie
parametrize an effective energy function if we have a m
accurate formulation.

While energy function parametrization can be stated i
mathematical way in this work, the process of energy fu
tion formulation is highly domain-specific and requires mo
insights into the nature of protein energetics and geome
Our results suggest that in addition to refining the techniq
for energy parametrization, we need to devote more effort
exploring more accurate energy function formulations.

B. Do mean-field potentials have a sound physical
basis?

It has been argued that mean-field potentials are inv
because they lack justification from statistical physics.25 In
this article we provide justifications for mean-field potentia
by means of parameter optimization. We do this with tw
physically based hypotheses:~a! the native structure occur
at the global minimum of free energy, and~b! protein ener-
getics can be decomposed primarily into pairwise inter
tions. Assumption~a! is simply the thermodynamic hypoth
esis, and assumption~b! is also supported by physics: prote
energetics involves van der Waals interactions, electrost
forces, and solvation interactions. Both van der Waals
electrostatic interactions are pairwise. Solvation interacti
are not pairwise; however, efforts have been made to
proximate solvation interactions by pairwise terms.26

After determining the energy function formulation an
constraints, energy parameters are subsequently optimize
fit the constraints. We have shown that under certain
proximations, mean-field potentials can be derived as a re
of optimization. The physical meaning of pairwise mea
field potential is therefore clear: it represents the best p
wise approximation of protein energetics. We note that
ergy functions derived from statistical mechanics a
powerful as discriminatory potentials precisely because t
are implicitly optimized for discriminating power. Indeed
many recentab initio protein structure prediction method
used mean-field potentials and have proven to
effective.27–29
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C. Importance of proper sampling

Proper sampling is crucial for energy function parame
zation. First, there should be enough sampled points to
termine the energy parameters with reasonable precis
Second, the sampled distribution should reflect the true
teraction count distribution to determine the energy para
eters with reasonable accuracy. Improper sampling will
sult in over-learning and large errors, especially in a h
dimensional space with many parameters~see Fig. 8!.

In particular, we need to make sure that enough str
tures are sampled in the vicinity of the native structur
These structures are needed to accurately position the hy
plane that represents the optimal energy parameters. In o
words, quality of the decoys has a large effect on the ac
racy of the derived energy parameters.

D. Equivalent description in linear programming
terms

In our approach, we work on the space of structures:
treat structures~constraints! as points, and energy paramete
as normal vectors to hyperplanes. However, other people
use linear programming also concentrate on the d
space.17,30 They work on the space of energy paramete
each point is a set of energy parameter, and each decoy s

FIG. 8. Dependence of precision and accuracy of optimal energy param
on the number of structures sampled. In this hypothetical case, only
interaction types exist:c18 andc28 are the relative counts in decoys compar
with native structure for interaction type 1 and 2, respectively. Each
represents a decoy structure. Dots are randomly generated following
normal distribution. The circle represents the collection of all native str
tures in the database, which is located at the origin@Eq. ~11!#. The differ-
ence between the four plots is the number of points sampled,n. All hyper-
planes within the shaded regions correspond to optimal energy function~A!
n510. Decoy structures form a feasible set of constraints, but the erro
optimal energy parameters is large due to insufficient sampling.~B! n520.
Decoy structures form aninfeasibleset; i.e., all constraints cannot be simu
taneously satisfied. The error of the optimal parameters is still very la
This means that the infeasibility is only a necessary requirement: we
much more points to determine optimal energy parameters.~C! n550. The
error is reduced, but still quite large.~D! n5100. With only a two-fold
increase in the number of samples, we see a dramatic improvement i
precision of the optimal energy parameters. This indicates that we now
good sampling.
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ture is a constraint represented by a half-space. In lin
programming language, minimizing the error rate functi
R(e) is the same as solving the maximum cardinality feasi
set problem, i.e., finding a maximum cardinality set of co
straints that is feasible. We choose to use our formal
because our geometrical interpretation is clearer and m
intuitive in representing the error rate function.

E. Will the methods work for a parameter space with
higher-dimensions?

We only test energy function extraction for the 21
parameter residue–residue contact potential. In order to
scribe the protein energetics in a more accurate way, en
functions with many more parameters are needed. Will th
three methods work for the more complicated energy fu
tion formulations?

Mean-field potential will clearly be feasible for an
number of parameters because it does not involve any
plicit optimization step. Indeed, mean-field potentials w
more than 200 000 parameters have been proposed.8 Both
error rate minimization andZ-score optimization involve an
explicit optimization step and therefore are likely to suff
from the curse of dimensionality. In our current study, w
are able to recover the reference potential to a very h
degree using both error rate minimization andZ-score opti-
mization in the 210-dimensional parameter space. This s
gests that the performance of the optimization procedure
pends more on the shape of the decoy interaction co
distribution than on the dimensionality. In our study, t
shape of the decoy interaction count distribution is likely
be very smooth: it is roughly a mixture of simple~near-
Gaussian! distributions with at mostP clustered maxima,
whereP is the number of proteins. Because of this the sea
complexity may not be strongly dependent on dimension
ity, allowing us to locate the global minima in a high dime
sional space with 210 parameters. As a result, we expec
be able to extend both error rate minimization andZ-score
optimization to a parameter space with dimensionality hig
than 210.

VII. CONCLUSION

In this article we presented a unified scheme
knowledge-based energy function parametrization fr
which most current approaches can be derived as approx
tions. We first start with a constraint satisfaction formulatio
and then transform it into optimization formulation. The s
lution to this optimization problem only depends on the s
tistical distribution of interaction counts in the decoy set
compared to the native structures. By approximating the
teraction count distribution to be either a normal or Poiss
distribution, we are able to derive bothZ-score optimization
and mean-field statistics.

We implement our formalism of error rate minimizatio
using the pocket algorithm and compare our method w
both Z-score optimization and mean-field statistics usi
simple lattice models under three different energy funct
scenarios. Our method consistently performs best acros
scenarios.
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In this article, we outline the theoretical treatment
extracting knowledge-based energy functions as well as
tice model studies. We are currently deriving energy para
eters for real protein structures using off-lattice models. T
work will complement our present treatment and will pr
vide further insights into the nature of knowledge-based
ergy functions.
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APPENDIX

1. General solution for the optimal energy parameters

Here we present the detailed derivation of Eq.~7!, a
general solution for the optimal energy parameterseo. We
start with Eq.~6! and its geometrical interpretation in Fig.
pc(c) is the joint probability density function of the rando
interaction count vectorc. R(e) is a partial integral ofpc(c)
with a boundary of anN21-dimensional hyperplane tha
goes through pointcn. The normal to the hyperplane tha
minimizes the integral determines the optimal energy par
etereo, and we denote the corresponding optimal hyperpl
asA ~see Fig. 1!. Assumingpc(c) to be an arbitrary prob-
ability density function with a single maximum,R(e) is op-
timal when the following equation is satisfied:

H d

de E~c2cn!•e,0
pc~c! dcJ

e5eo

50. ~A1!

The meaning of the equation is the following. Let us pertu
the normal vector ofA infinitesimally and get a new
N21-dimensional hyperplaneA8. Both A and A8 go
through point cn, and their intersection is an
N22-dimensional hyperplane,B. The above equation re
quires that the integral ofpc(c) overV, the region in between
hyperplaneA and A8, is zero. We note the following rela
tionship between integral overV and integral within the hy-
perplaneA:

E
V
pc~c! dV5E

A
pc~c!r ~dS,B! du dS, ~A2!

where du is the infinitesimal angle betweenA and A8,
r (dS,B) is the signed distance betweendSand hyperplaneB
~see Fig. 9!. Therefore from Eqs.~A1! and ~A2! we have

E
A

pc~c!r ~dS,B! dS50. ~A3!

This equation holds true for an arbitrary hyperplaneB within
A that goes through pointcn. Therefore, pointcn is the mean
of the distributionpc(c) within hyperplaneA.

Now we assume that the mean of the distributionpc(c)
within hyperplaneA is also approximately the point tha
maximizespc(c) within A. This is exact for both normal an
Poisson distribution, and is a good first-order approximat
for other distributions as well. Under this assumption, we
f
t-
-
t

-

-
l

-
e

b

n
e

that the hyperplaneA is the tangent plane of contour map
pc(c) through pointcn. This leads to the simple solution fo
eo in Eq. ~7!.

In what follows we assume two approximations f
pc(c): an independent normal distribution and an indep
dent Poisson distribution. We show that these two appro
mations lead toZ-score optimization and mean-field stati
tics, respectively.

2. Case I: Independent normal distribution

Let us assume thatpc(c) follows independent norma
distribution:

pc~c5ci !5)
j 51

N 1

A2ps j

e2 ~ci j 2 c̄ j !2/2s j
2
. ~A4!

Since a linear combination of independent normally distr
uted random variables is also normally distributed, we kn
that pE(E) is also a normal distribution:

pE~E!5
1

A2ps
e2~E2Ē!2/2s2

, ~A5!

where

Ē5(
j 51

N

c̄jej , ~A6!

s5A(
j 51

N

s j
2ej

2. ~A7!

By variable substitution, Eq.~6! can be transformed to th
following equation:

R~e!5E
E,S j 51

N cj
nej

pE~E! dE

5E
Z~e!

1` 1

A2p
e2E82/2 dE8, ~A8!

whereZ(e) is theZ-score for the native structure given by

Z~e!5
( j 51

N ~ c̄ j2cj
n!ej

A( j 51
N s j

2ej
2

. ~A9!

FIG. 9. Blowup and 3D representation of the region near the native struc
in Fig. 1. Pointcn is the native structure.N21-dimensional hyperplanesA
and A8 correspond to two sets of energy parameters that differ infinite
mally. The intersection ofA andA8 is anN22-dimensional hyperplaneB.
V is the region in between hyperplaneA andA8. du is the angle betweenA
andA8. dS is an infinitesimal area inA. r is the signed distance betweendS
and hyperplaneB.
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Since each term in the integral in Eq.~A8! is positive, mini-
mizing R(e) is equivalent to maximizingZ(e).

We solve foreo and get

ej
o5k

c̄j2cj
n

s j
2 for all j , ~A10!

wherek is an arbitrary positive constant. This result can a
be obtained from Eq.~7!.

With the optimal value ofeo, we can then calculate th
optimal Z-score value as

Zo5A(
j 51

N S c̄ j2cj
n

s j
D 2

. ~A11!

3. Case II: Independent Poisson distribution

Next we consider an alternative approximation of t
interaction count distribution,pc(c), as an independent Pois
son distribution:

pc~c5ci !5)
j 51

N e2l jl j
ci j

ci j !
. ~A12!

The unsymmetrical Poisson distribution is a better appro
mation than the symmetrical normal distribution to the int
action count distribution, since interaction counts can ne
be negative. The tail of the interaction count distribution d
fers significantly from the tail of the normal distribution
especially at the limit of low count, and it is the tail of th
distribution that is important in defining the optimal ener
function parameters~see Fig. 2 for comparison between th
two distributions and the resulting optimal energy para
eters!.

Using Sterling’s approximation to approximate the Po
son distribution by a continuous function,

ln x! 8x ln x2x. ~A13!

Substituting Eq.~A12! into Eq. ~7!, we get an analytica
solution for the optimal energy parameter seteo:

ej
o5kln

l j

cj
n 5k ln

c̄ j

cj
n for all j , ~A14!

wherek is an arbitrary positive constant. This is equivalent
Boltzmann statistics. For the low count limit, the Sterlin
approximation is no longer valid. We account for this diffe
ence by allowing one adjustable parametera:

pc~c5ci !})
j 51

N e2l jl j
ci j 1a

e~ci j 1a! ln~ci j 1a!2~ci j 1a! , ~A15!

which corresponds to the following solution:

ej
o5k ln

c̄ j

cj
n1a

for all j . ~A16!

The difference between the true Poisson distribution@Eq.
~A12!# and the approximation@Eq. ~A15!# is smallest when
a is about 1/2.
o

i-
-
r
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-

4. Extension to multiple proteins

Here we show that for energy functions extracted fro
multiple native protein structures~see Sec. II C!, both
Z-score optimization and mean-field statistics can also
derived under different approximations.

We first start with Eq.~11!, and the optimal energy pa
rametereo should minimize the error rateR(e). By assuming
independent normal distributions for decoy interacti
counts for each sequence, this optimization problem can
reduced to optimization of the averageZ-score in a way
similar to one outlined above in Sec. 2. In what follows, w
show that under certain conditions, this optimization pro
lem will also lead to Bayesian statistics.

First we introduce an approximation to Eq.~8!:

R~e!5K uS (
k51

P

Ek
n2 (

k51

P

EkikD L
i 1 , . . . , i P

, ~A17!

whereP is the number of proteins with known native stru
tures. What we are doing here is to regard allP native struc-
tures as domains of one single imaginary protein, with
interactions between domains, and define the error rateR(e)
based on the ‘‘native’’ structure and decoys for this ima
nary protein. In this way we approximate the multiple pr
tein problem as the single protein problem. This is an
proximation. Nevertheless, minimizing this approxima
error rate function is a necessary condition for a perfect
ergy function.

Now that the multiple protein problem is reduced to t
single protein problem, by assuming independent Pois
distributions for decoy interaction counts in a way similar
one outlined above in Sec. 3, we get Boltzmann-like sta
tics as the first-order approximation result for optimal ene
parameter.
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